ZHEJIANG UNIVERSITY
CENTER FOR CORRELATED MATTER
STEFAN KIRCHNER
kirchner@correlated-matter.com

Solid State Theory 1

1. Exercise Sheet

May 16, 2017

1 ONE-PARTICLE OPERATORS IN SECOND QUANTIZATION

A one-particle operator in a many-body system is an operator that acts on the state of
a single particle at a time. It is defined as B= Z B; where B; is given by

Bi=W1®... @K 10> wblulv)(ui @i ®.. 0Ky, (1.1)
v

where (v|b|p) are the matrix elements in one-particle quantum mechanics. In other words,
B, acts trivially in all Hilbert spaces, except in that of particle .

(a) Applying B to the state ‘al, Qo,... ,aN} introduced above, show that one obtains

1 .
Qg, ... ,OéN} = ﬁZ(V’bW)
L

x> &8y lapmh ® ... @ )i @ .. @ lap)n. (1.2)

Note that we have explicitly labeled the one-particle states with a subscript to iden-
tify the subspace they belong to within the tensor product (??), e.g. |v);belongs to
the subspace of particle 7.

(2 points)



(b)

(c)

(d)

(e)

Show that one can write the last summation in (1.2) as

Zfa(P)‘su,aP(i) PN @ ... ® )i ® ... ® lapan)N = (1:3)
i, P
Y6 ailapm)i @ .. ® V) poi() © ... ® lap)) - (1.4)
3, P

(2 points)
Hint: Note that Ej d5,ps) = 1 for fixed 7, as P(i) = j for some j,e{1,..., N} since
any P is a bijective mapping of {1,..., N} in itself.

Consider again

1
}Oél, ceey Oy ,Ct]v} = ﬁ ZfU(P)‘ap(l)h ®...Q ’Vp(j)>j ®...Q ’CVP(N)>N-
P
(1.5)

In which position in each of these terms is «; located? Note that I am not asking
where ap;) is located, which is obviously at position j. From this observation and
using (1.3), prove the identity

1
— B, e ®..0)i®..0« = 1.6
m%’;f mapm QPN V)i lap(n)) N (1.6)
Zémaj‘al,...,oej_l,y,ajH...,aN}. (17)
J
(2 points)
Show that
CLCM|O£1,...,01N} :Z(S'u’aj’al,...,O[jfl,]/,a]drl...,OKN}. (18)
J
(2 points)

Hint: Use (?7?7) and the symmetry properties of the wave-function under interchange
of particles.

Thus, show that

Bloa,...,an}t = (vlblp)che,|or, ... an}. (1.9)
v
(1 point)
Since the state ’ozl, e ,aN} is arbitrary, we conclude that a one-particle operator is

given, in second quantisation, by

B= Z(V\B\,@Ciﬂcu. (1.10)
LV



2 THE DENSITY OPERATOR IN SECOND QUANTIZATION

For a system of N identical particles (fermions) enclosed in a volume V with periodic
boundary conditions, the density operator at position r is defined (in its first quantised
form), as

N

pr) = 6(r — 7o), (2.1)

=1
where 7; is the position operator of particle i. Note that r is not an operator.
(a) Show that the Fourier transform pg = [i, d%e~"0"p(r) is given by
N
pg= e 17 (2.2)
=1
(1 point)

(b) The second quantisation representation of p(r), as follows from (1.10), is given by
o) =X [ ¥ [ a5 - Plao)il @)@, (23
oo’V |4

where 1), (z) and ¥} (x) are the annihilation and creation operators for a fermion,
with spin projection along z equal to o, at point . Show from (2.3) that p(r) is
given by

pr) = D)y (r). (2.4)

(2 points)

(c) Show that in second quantization the FT of p(r) is given by

N
Pa= &y olho (2.5)
=1

(2 points)
Hint: Substitute the relations ¢, (r) = ﬁ Yok eik"”ékﬂ, Vi(r) = ﬁ >k e_ik'TéL o

see (77), in the definition of the Fourier transform given above. Note that [;, ddre~ k=K —

Vék,k"

(d) Show that pf = j_,.
(1 point)



(e) Show that [pg, py] = 0.
(2 points)

Hint: Use the identities [/X,B, C’]_ = [/X,B] _gé + §B [/1, C’] where £ = +£1.

—£
(f) Use the first quantisation representation of p4, as given in equation (2.2), to show
the previous identity.
(2 points)
Hint: What is [ﬁi, 'ﬁj] for arbitrary i, 57

(g8) What is pg—o?
(1 point)



