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Quantum Many-Body Systems

2. Exercise Sheet

MINI-REVIEW: THE TIME-EVOLUTION OPERATOR

Before we ask you to perform any calculations we will briefly review the properties of
the time evolution operator in quantum mechanics. In Dirac ket notation, one writes the
Schrédinger equation as

L0 .
Zﬁahﬁt) = H(t)[yy), (4.1)

where the Hamiltonian H(¢) may have an explicit time dependence. Introducing the
time-evolution operator U(t,t') (with ¢ > ¢'), through the relation |¢) = U(¢,t')|¢y),

one sees by direct substitution in (4.1) that U(¢,t') obeys the Schréodinger equation

L0 AN 3 3 /
ih=,U(t,t) = HOU (1,1, (4.2)

with the boundary condition U(#,#) = 1, since limy_,y [t)y) = |1} by continuity of the
wave-function in time. Also, for any ¢ > u > t/, one has that |¢y) = U(t,u)|¢,) and

[ty) = U(u,t')|1y) and thus substituting the latter equation in the former, we conclude
that

Ut,t") = U(t,u)U(u,t'), (4.3)



with ¢ > u > t/. This is known as the semi-group property of U(t,#). The equation (4.2)
is equivalent to the integral equation

Ot 1) =1— % /t du ()0 (u, 1), (4.4)

which already takes into account the boundary condition at ¢ = t/. Substituting the
expression for U (u,t’) as given by (4.4) in (4.4) itself and iterating the resulting equation,
one sees that U(t,t") = Y77 Un(t,t') where U,(t,t') is given by

0.t 1) = (‘hi)" /t/tdtl " ity .../t/tn1dth(t1)fI(t2)...ﬁ(tn) (4.5)

t/

— (—hi)” /t,tdm /t,tdtz .../t,tdtn H(t)H(ts) ... H(tn)O(t —t2) ... O(tn-1 — tn),

where we have used the ©-functions to rewrite all integrals with the same upper limit.
Once can now permute the n dummy indices t¢1,...,t,, provided one divides the end
result by the total number of permutations, n!. One obtains

[A](t,t’)zz(&;.i): /t/tdtl /t/tldtg .../t,t”_ldtn T{Ht)H(t) .. . H{t,)}  (4.6)

n=0
= Texp < - ;_L/t/tdu ﬁI(u)), (4.7)

where T is the time-ordering operator that orders the Hamiltonian operator at different
times in chronological order. The time-ordered exponential in (4.7) is defined in terms
of the series in (4.6) and is merely a compact way of writing this series. If H(u) = Hy,
which is time-independent, then the time-ordering in (4.6) becomes a simple product and
one may sum the series, obtaining

U(t, ') = exp ( - %ﬁo(t - t’)), (4.8)

which is only dependent on the difference t — #'. Note, as an aside, that if one can
write the Hamiltonian as H (t) = Hy + V(t), where the quantum dynamical problem
defined by Hy is solvable and V(t) is an interaction term, eventually dependent on time
in the Schrodinger representation, one may define the time-evolution in the interaction
representation by S(t, /) = eot/M{(¢,¢')e~#ot/h The equation obeyed by S(t,t) is
given, using (4.2), by

0

ihaﬁ(t,t’) = VIt)S(t,t), (4.9)

where VI (t) = eiﬁot/ﬁV(t)e_iHOt/h is the interaction term in the interaction representa-

tion. Note that even if V() = Vis time-independent in the Schrédinger representation,
it will in general be explicitly time-dependent in the interaction representation (unless



[ﬁo, V]_ = 0, but in that case these two operators have common eigenstates and the
problem is solved as soon as we know the eigenstates of Hp). One can now repeat the
analysis above, obtaining

S(t,t") = Texp ( — % /;du Vl(u)), (4.10)

with the same boundary condition and with the semi-group property also holding for
S(t,t'). This is the expression obtained in the lecture and ends our crash course.

5 GREEN FUNCTION FOR THE ONE-PARTICLE SCHRODINGER
EQUATION

(a) For a single-particle problem, one defines the wave-function of such a particle in
real space by (7, t) = (r|;). Given that ¢ (r,t) = (r|U(t,0)|p9) where |1pg) is the
wave-function at ¢ = 0, show that ¢ (r,t) satisfies the integral equation

W(r,t) = ik / B GR (e v (1), (5.1)

with t > ¢ and where GF(r t;7/ t') = —%(r!U(t, t')|r")O(t—t') is the Green function
(also known as the propagator) of the Schrédinger equation.

(2 points)

Hint: Use the semi-group property (4.3) and the completeness of the basis of the
position eigenstates, i.e. the relation [d®r'|r')(r'| = 1.

(b) Consider now the case in which the Hamiltonian does not depend on time and thus
U(t,t') reduces to (4.8). Show that in such a case, one may write

GE(r,t —t';7',0) Z% o (r)eEat=/hg (¢ — 1), (5.2)

where ¢, (r) = (r|pa) and ¢,) are the eigenstates of Hy with &, being the cor-
responding eigen-energies, i.e. ﬁolqﬁa) = €q|Pa). This is known as the spectral
representation of the Green function.

(2 points)

Hint: Use the completeness of the eigenstates of the Hamiltonian, i.e., the relation

Za [9a){(¢al = 1.
(c) Show that the Fourier transform of (5.2) is given by

R ¢a a
G (r,r' w) Zw wa—i—w (5.3)

where w, = £4/h and where the infinitesimal factor ie was introduced in the expo-
nent of the Fourier transform in order to insure convergence.



(d)

()

Show that p(w) = _h [d3r ImGE(r, r,w) is given by
77
plw) =) 6w — wa). (5.4)

This quantity is known as the density of states of the Hamiltonian, since the inte-
gration of p(w) within a given frequency interval counts the number of states inside
that interval. If the spectrum is discrete, such density of states will be a sum of
delta-peaks, but it may have an analytic form in the case of a continuous spectrum.

(2 points)
Hint: Use the definition of p(w), the fact that |¢,) are normalized states and the
1 1
Dirac relation — = P(=) —imd(z).
T e T

6 TIME-EVOLUTION OF ANNIHILATION AND CREATION
OPERATORS IN A MANY-BODY SYSTEM DESCRIBED BY A
QUADRATIC HAMILTONIAN AND WICK’S THEOREM AT FINITE
TEMPERATURES

Derive the equation of motion for the annihilation and creation operators in the
Heisenberg representation in imaginary time for a system of independent bosons
(fermions) whose Hamiltonian is given by

Hy=> e, (6.1)

where the operators obey commutation (anti-commutation) relations given by (0.10)
and (0.15) (see exercise sheet 1). Note that these operators are given in the Heisen-
berg representation in imaginary time by

Co(T) = eﬁoTéae_HOT, (6.2)

&t (r) = eflomgf o= Hor, (6.3)

«

Show that these equations have the solution

Co(T) = Coe™ "7, (6.4)

Do note that in imaginary time ¢, (7) and el (1) are not each other’s adjoint, except
at 7 = 0. However, if one makes the analytic continuation 7 — it/h, one does obtain
the correct time evolution of these operators in real time.

(3 points)

Hint: Solve explicitly the differential equation for these operators as an initial value
problem (one knows to which operators ¢, (7) and ek (1) have to reduce at 7 = 0).



. 1 . . .

(b) We defined (A) = Z)Tr(Ae_ﬁ(HO_“N ). Show that if Hy is given by (6.1), (ehé,) =
1
eﬁ(ea*lﬁ) — f
tions correspond, respectively, to the Bose-Einstein and Fermi-Dirac distributions

for bosons or fermions. Show that <6Wél> = (1+&ny)0a,y-

(2 points)

Hint: Use the (anti-)commutation relations between the annihilation and creation
operators to interchange them inside the average and use (6.2) to (6.5) to show the
identities ¢, e~ PHo—uN) — e‘B(HO_“N)éWe_B(EW_“) and

é]; e—BHo—pN) e_ﬁ(ﬁo_“méjyeﬁ(g”_“). Note that the operator ﬁGC = ﬁo — ,LLN,
where N = > éléy, is of the same form as Hp, it simply involves renormalised
energies €, = €, — u. Finally, use the cyclic invariance of the trace.

Nada,, Where ng = , with £ = 41, for bosons or fermions. These func-

(c) Following the same steps as in the previous exercise, show that
. Icén> = NNy OOy + Na (1 + Eny)dany,y- (6.6)
(2 points)

(d) Finally, consider the general case of (A Ay ... Ay) where each 4; (i = 1,...,N) is
either an annihilation or creation operator in the basis that diagonalizes ﬁg, which
is of the form (6.1). Thus, the (anti-)commutator [A;, A;]_¢ for arbitrary i and j is
a c-number. Show that

o 1
(A1Ay .. Ayn) =

N
e e > AL A e (Ay. . A1 Ay Ay,
=2

(6.7)

where the F sign depends on whether Ay is, respectively, an annihilation or creation
operator. Note that the averages appearing on the right-hand side involve two an-
nihilation or creation operators less and are of the same form as the one we started

from. We can thus iterate this formula until we have reduced it to products of com-
1

mutators and functions of the type | M 17— This constitutes Gaudin’s

proof of Wick’s theorem at finite temperature and can even be generalized to the

case where the operators A; are given in the interaction representation.

(4 points)

7 RETARDED MANY-BODY GREEN FUNCTION FOR A BOSON
SYSTEM WITH A QUADRATIC HAMILTONIAN

Take the Hamiltonian describing the many-particle system to be of the form (6.1). Show
that the retarded many-body Green function GF(r, ¢;7/,¢') = —4([¢)(r, 1), D )] )O(t—
t'), where (1, t) = etot/hy)y (p)e=iHot/h o)t (p ¢) = e iHot/Ty)t () itlot/h g exactly given



by the expression (5.2).

(4 points)

Hint: Express the operators ¢ (r,t) and ¢ (7, t) in terms of the operators that diagonal-
ize the Hamiltonian Hy, ¢ (r,t) = Y0 Pa(r)é,(t) and Ot t) = Yoa gb(’;(r)éL(t) and use

their known time-evolution to compute their commutator.

8 FREE-FERMION OBSERVABLES EXPRESSED IN TERMS OF
PARTICLE-HOLE OPERATORS AND GROUND-STATE PROPERTIES
OF THE FERMI GAS

The ground state of a free-fermion system with N fermions of spin 1/2, described by the
Hamiltonian Hy = Y ko EkéTk,aék,a with e_p = e is given by [¢0) = [jkj<kp 0 éLyU|O>,
which is a Slater determinant, with all states with momentum less than kp occupied
with two fermions (of opposite spin) and all states with momentum greater than kp
being left empty. The value of kr is chosen so that the number of particles in the system
is equal to N. This state is not the vacuum for all of the annihilation operators ¢, ,
e.g. if |k| < kp then ég »|po) # 0. It is thus convenient to define a set of annihilation
or creation operators such that |¢g) acts as the vacuum of such a set of operators. The
particle-hole creation and annihilation operators are defined through

dkyo' = ék:,o" dj‘c,a = é-‘-k:, if |k| > kFa (81)

(e
Bro=e 4o B, = 4 o if [k > kp. (8.2)

(a) Show that the new operators obey the correct anticommutation relations for fermions,
i.e., that the transformation defined above is canonical.
(2 points)

(b) Show that dyg »|¢o) = 0 and Bk,glqﬁ(ﬁ = 0, thus proving that the |¢p) is the vacuum
for this set of operators.
(2 points)

(c) Show that one can express the operators of the total energy, momentum, and pro-
jection of the spin along the z-axis for a free-fermion system as

N=N+ Y 6&f,0p,— >  Bh.Bro (8.3)
[k|>kp.0 |k|<kp,o
]:[0 =Fy+ Z €k d;rc,adk,a - Z £k B;;,UB’CJ (8.4)
|k|>kF,0 k|<kp,o
P= Y hkaj, b, + > hkBl B, (8.5)
[K[>kr.0 k| <kp .o
h A ~ ~ ~
5% — 5{ Yo oodl .+ Y aﬁ,LUBk,g], (8.6)
|k|>kp.o k| <kp,o



where N = Zkgkp, , 1 is the total number of particles in the ground state (this
expression actually fixes the value of kr) and Eo = > ., €k is the ground state
energy of the Fermi gas (one assumes that the system is placed in a finite box of
volume V' with periodic boundary conditions).

(4 points)
(d) Show that the density n = N/V is given, in the limit of large volume V', in terms of
kS
the Fermi momentum kg, by n = 3—F2 (in three dimensions).
T

(2 points)
Hint: Use & >, ~ ﬁ [d3k at large V.
h2k?
(e) One has that e = 5

for a non-relativistic system of massive fermions. Show that

(37T2)5/3h2 5

m

the energy density eg = Ey/V is given as a function of n by ey = 10,2 nb/3
m4m
(for large V).
(2 points)
. : . Deg .
(f) Finally, compute the chemical potential of the system p = n in the ground state
n
2 k,2
F

and show that p = , i.e., it is equal to the Fermi energy (at T' = 0).
m

(2 points)

9 DYNAMIC STRUCTURE FACTOR FOR THE FERMI GAS

We consider a system of free fermions described by the Hamiltonian Hy = Y ko 6ké}; oCho
2 k‘2 ]

with g = Dy We wish to compute the value of S(q,t) = [*_dw S(g,w)e™ ™", where
m

the dynamic structure factor S(q,w) is defined in (3.7) (see exercise sheet 1). Performing

the integral over w, one can show that S(g,t) is given by

5(a.0) = 1 ((3a(0p-a(0)) ~ (o) (p-a(0)), (9.1

where pg(t) = eiﬁot/ﬁpqe—iﬁot/h

sheet 1).

and where pq is given by equation (2.5) (see exercise

1 .
(a) Show that for a free fermion system S(q,t) = P > ko Mo (1 — Nk tqo)e al,

1 . A .
where (g q = ﬁ(ekJrq — 5k) and where ng , = m is the Fermi-Dirac dis-
tribution.

(4 points)

Hint: Use the time evolution of the annihilation and creation operator in a system
with a quadratic Hamiltonian and then apply the results of exercise 6¢ to compute
the resulting average values.



(b)

(c)

(d)

(e)

Show that S(q) = S(q,t = 0) is strictly positive, as it should be.
(1 point)

Performing the Fourier transform, one can trivially obtain

S(q,w) = % > nko(l = npige)6(w — Ceg)- (9.2)
k.o

Show that this expression can also be written as

Mk,o Bhw
S(a,w) =+ Z [ Gg) + O+ g, (93)

which is very reminiscent of equation (4.1) for the single mode approximation, see
exercise 4.
(4 points)

Nkgo — Nk4q,0
1— eﬁhck,q
and then perform an appropriate shift of the summation over k in one of the terms,

taking into account that (_x_q,q = —Ck,q-

Hint: Use the identity ng o(1 — ngyq0) = (verify explicitly) in (9.2)

Substitute (9.3) in (3.6) (see exercise sheet 1) and perform the integral over w’ to
obtain

2 Cho,qNke,o
- _ = o 9.4
X(q7w) hv - ((.U + i€)2 _ C]%’q’ ( )
which is the Lindhardt function.
(2 points)
Show that one has
/—oodww‘S(q’ hV an O'qu 2m (95)

and thus that the dynamical structure factor satisfies the f-sum rule.
(3 points)
Hint: Note that n_g s = ng. -



