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7. Exercise Sheet

20 GENERATING FUNCTIONAL FOR TIME-ORDERED
CORRELATION FUNCTIONS OF THE FERMIONIC OSCILLATOR —
OPERATOR APPROACH

In this exercise, we will compute the generating functional of a fermionic harmonic os-
cillator (equivalent to a fermionic single mode system). The Hamiltonian operator that
defines such a system is given by

Ho = Two (¢Té — %), (20.1)

where the annihilation and creation operators obey the anti-commutation relations [¢, ¢|4+ =
[¢f, ¢t =0, [¢,éT]4 = 1. Note that the first two relations also imply that ¢ = (¢h)2 = 0.
From such identities and the remaining anti-commutation relation, it is trivial to show
that the particle number operator 7 = ¢fé satisfies the equation 72 = 7 and thus that
such operator has two possible eigenvalues, namely 0 or 1 (the Hilbert space that de-
scribes the problem is thus two-dimensional), with the corresponding eigenstates being
designated by |0) and |1). The Hamiltonian Hy is diagonal in such states, with eigenval-
ues Hol0) = —2(0), Ho|1) = 2211).
(a) Show that 7% =n

(2 points)



(b)

(c)

(d)

(e)

(f)

Show that |1) = ¢|0) and that |0) = ¢|1).
(2 points)
Hint: what is é¢f?

Show that the partition function Zg = Tr(e_ﬁgo) is given by Zg = 2 cosh(Bhwy/2).
(2 points)
Hint: Compute the trace in the eigenbasis of the Hamiltonian.

From the expression for the free energy of such a system F(T) = —kpTInZg,
compute the entropy S(T') = ‘;—5 and show that the expression obtained satisfies the
third law of thermodynamics.

(2 points)

The annihilation and creation operators are given in the Heisenberg representation
by

&(t) = etlot/hge=itot/h, (20.2)
&l (t) = ¢iflot/hgtg=iflot/n, (20.3)
Show that these operators are related to ¢ and ¢ by
é(t) = ce ot (20.4)
é(t) = éfeiwot, (20.5)

(4 points)
Hint: Have a look at the solution of exercise 6(a) and adapt it accordingly.

Consider the more general case in which the Hamiltonian is given, in the Schrédinger
picture, by H(t) = Hy + Hy(t), with H(t) = —[i(t)é + étn(t)], where n(t) and
7(t) are Grassmann fields that anti-commute with each other and with the anni-
hilation and creation operators ¢ and éf. In other words, for arbitrary times ¢
and u, [7(t),n(w)]+ = 0, [, 7w+ = 0, [n(t), 7(w)s = 0, and [(t),es = 0,
[n(t),él]e =0, [7(t),d+ = 0, [7(t), ]+ = 0. Moreover, these Grassmann variables
commute with any c-number.

The generating functional of the correlation functions of the annihilation and cre-
ation operators is defined as

1 2 i Frin
Z[n(t). 7(1)] = - Tr(e MoTe il HHO), (206)
B

where Hi(t) = emot/hﬁf(t)e*mot/h is the interaction Hamiltonian in the interac-
tion representation. Show that it can be written as

Zln(t), n(t)] = ZiTr (e—ﬁﬁoe—% fontH}“%t)) e~z ' dt [JAulHP O @l (90 7y

B

(2 points)
Hint: Check that [H™(t), H(u)]- commutes with H (') for arbitrary ¢, u, and
t" and then apply (77).



(2)

(h)

§)

(k)

Using the time-evolution of the annihilation and creation operators in the interaction
representation, show that one can write Z[n(t),7(t)] as

1 2 S =4 _ 1 (T t Frint Frint
Z[n(t),7i(t)] = ZﬁTr(e—,@HoecT"/—WC) ¢~ az Bt [l du (), ()] - (20.8)

where v = — fOTdt ewoln(t) and 7 = —% fgdt e~otp(t) are Grassmann variables.

(2 points)

Show that
1
ZiTr (e_ﬁﬁoeéw_%) = (14 ¢ Fhwo)~1 Z e_Bh’“‘JO”(n|eéT“’_%|n>. (20.9)
B n=0
(2 points)
Show that
At m 1
(0]e"77¢)0) = 1 — 57 (20.10)
S SV, 1
(U1 =1+ 577 (20.11)
(3 points)

Hint: Taking into account that v and 4 are Grassmann variables and that ¢ and
¢t are fermion operators, expand the exponentials on the left-hand side of equation
(20.10) and (20.11) as a power series in these variables.

Substitute (20.9) in (20.8) and, taking into account (20.10) and (20.11), with v and
7 given by their definition above, show that

Z[n(t), 7(t)] = e~ o 4 Jo duntn(G(t—u) (20.12)

where G(t — u) = %e‘iw‘)(t_“) [tanh(BhAwy/2) + O(t — u) — O(u — t)].
(3 points)
Hint: ez tanh(Bwo/2)77 — 1 _ 3 tanh(Bwo/2)77.

Finally, by performing the functional derivatives with respect to 7(t) and 7(t), show
that (T{é(t1)et(t2)}) = G(t1 — t2).
(2 points)

21 BOGOLIUBOV TRANSFORMATION FOR A FERMION TWO-MODE

PROBLEM — GENERATING FUNCTIONAL

Consider a Hamiltonian Hy that describes a fermion two-mode problem in which hopping
between the two modes can occur

Hy = hwpél e + hwgpéhen — 1@ e + éhép), (21.1)



where ¢ is a real quantity. Assume for definiteness that wy > wpg (if the opposite is
true, simply interchange L and R). The annihilation and creation operators satisfy the

canonical anti-commutation relations [¢,,é, ]+ = 0, [éL,él]J’_ = 0, and [éu,él]_i'_ = Opu,
where u,v = L, R.

(a)
(b)

(c)

(d)

Define the operators ¢, ,

Define the operators ¢, éj_, c_, el through the following relations

¢r, = cosfcy +sinfé_, (21.2)
¢r, = —sinfcéy + cosfc_, (21.3)
where 0 is a real number. The hermitian conjugate of these equations give us the
relation between the operators éTL, é}r% and éi, el
.I.

—, C_

Show that the new operators ¢, él, ¢
relations among themselves.

(2 points)

Hint: Express the new operators in terms of the old ones and use the known anti-
commutation relations.

also obey canonical anti-commutation

Show that it one chooses 6 such that tan(26) = m, one can write Hy in terms
of the operators ¢, éj_, c_, ¢l as
Hy=hwéle, +ho_éle, (21.4)

i.e., Hy is diagonal in the new set of operators. The eigenfrequencies w4 are given by
wi = $[(wr +wg) £ 1/(wr — wg)? + 4t2]. Note that apart from an overall constant,

Hjy can be written as the sum of two independent fermionic harmonic oscillators.
(4 points)

Hint: Substitute (21.2),(??) and their complex conjugates in (21.1) and ask yourself
what is the condition that 8 must obey in order that the cross terms involving éié,

and éi&r ar exactly zero.
Show that the partition function Zg = Tr (e‘ﬁﬁo) is given by
Zg = ZE,'ZB_ = 4 cosh(Buw. /2) cosh(Buw_ /2)e Phw+tw-)/2 (21.5)

in which Z;E are the individual partition functions of the independent modes + and

(2 points)
Hint: Write the trace in terms of the eigenstates that diagonalise the Hamiltonian
i.e. the eigenstates of the operator ny = éié+ and A =&l é_.



(e)

(f)

Consider the more general case in which the Hamiltonian is given, in the Schrédinger
picture, by H(t) = Hy + H(t), with Hy(t) = =Y [1(t)é, + élm,(t)], where n,,(t)
and 7,(t) are Grassmann fields that anti-commute with each other and with the
annihilation and creation operators ¢, and éL In other words, for arbitrary times

t and u, [77(75)777(U)J+ =0, [ﬁ(t),ﬁ(U)]+ =0, [n(t)aﬁ(u)]'f' =0, and [U(ﬂ»d—% =0,
(1), =0, [7(t),é L =0, [7(t),é], = 0. Moreover, these Grassmann variables
commute with any c-number.

The generating functional of the correlation functions of the annihilation and cre-
ation operators is defined as

1 AT _ i T Frin:
Z[T/L(t)v nR(t)7 ﬁL(t)v ﬁR(t)] = ?ﬁTr (6 BHOT@ h fo dt Hy t(t)>7 (216>

where Hi(t) = emot/hﬁj(t)e*iﬂot/h is the interaction Hamiltonian in the interac-
tion representation. Show that it can be written as (u = L, R)

Zne(t),nr(t), 1L(t), Tr(E)] = Z[n+(t), 74 (D] Z[n- (), 7-(1)], (21.7)

where the Grassmann source fields 74 (t) are given in terms of the original fields by
N+ (t) = cos O (t) — sinOnp(t), (21.8)

n—(t) = sinfng(t) + cosOngr(t), (21.9)

with analogous equations for the conjugated fields 774 (¢). The generating functionals
Zy[n+(t), n+(t)] are given by

e (), 7a ()] = e~ 72 o Jo duns Oz ()Galt—w) (21.10)

where Gy (t — u) = Je @+~ [tanh(Bhwy /2) + O(t — u) — O(u — t)].
(5 points)
Hint: Express the operator H;(t) in terms of the annihilation and creation operators

o, éj_, c_, ¢l . Show that Hy = fIOJr + Ho_ with [ﬁ0+,I:IO_]_ = 0 and because
of that, one can write Hy = H{ (t) + Hy* (t) such that Hyt (t)HP (u)]- = 0 for

arbitrary ¢, u. Once this is done, all you need is to apply the single mode result
obtained in 20(j).

By writing the functional (21.7) in terms of the original sources nr(t), 7L(t), nr(t),
Nr(t), show that one has
<T{6L(t1)é}/(t2)}> == COS2 9G+(t1 - tg) + sin2 (9@, (tl - tz), (2111)
<T{6R(t1)é}r%(t2)}> = sin2 9é+(t1 - tz) + COS2 Hé_ (tl - tg), (21.12)
A R 1 . ~ ~
(T{ey(tr)ef(t2)}) = —5sin(20)[G (1 — t2) + G- (t1 — t2)], (21.13)
. R 1 . ~ ~
<T{CR(t1)cTL(t2)}> =3 sin(20)[G4(t1 — t2) + G_(t1 — t2)]. (21.14)
(4 points)



